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ABSTRACT 

 

In a graph ),(= EVG ,  a subset )(GVD ⊆  is said to be a monopoly 

set of G  if any vertex DVv −∈  has at least 
2

)(vd
 neighbors in D , where 

)(vd  is dgree of v  in G . A monopoly set D  of G  is called a maximal 

monopoly set of G  if DV −  is not a monopoly set in G ,  by the maximal 

monopoly size of G , we mean the smallest cardinality of a maximal monopoly set 

in G , denoted by )(GMo . In this paper, we introduce and study the concept of 

maximal monopoly size in graphs. We investigate the relationship between maximal 

monopolies size and some parameters of graphs. Bounds on )(GMo  and exact 

values for some standard graphs are found. 
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1.  INTRODUCTION   
  

In this paper, we are conceder with a simple graph ),(= EVG ,  that nonempty, 

finite,  have no loops no multiple and directed edges.  Let G  be such a graph and let n  and 
m  be the number of its vertices and edges,  respectively. The degree of a vertex v  in a 
graph G , denoted by )(vd ,  is the number of vertices adjacent to v .  Denote to the 

maximum degree of G  by )(G∆  and the minimum degree of G  by )(Gδ .  For any vertex 

v  of a graph G ,  the open neighborhood of v  is the set )}(:{=)( GEuvVuvN ∈∈  and 
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the closed neighborhood of v  is }{)(=][ vvNvN ∪ .  For a subset )(GVS ⊆  the open 

neighborhood is the set )(=)( vNSN Sv∈∪ ,  the degree of a vertex )(GVv∈  with respect 

to a subset S  is |)(=|)( SvNvdS ∩ .  For a graph G ,  a set of vertices )(GVS ⊆  is called 

an independent set of G  if no two vertices in S are adjacent. The Independent number,  
denoted by )(Gβ ,  is the maximum cardinality of an independent set in G . For a graph G ,  

a set of vertices )(GVS ⊆  is called a vertex cover set of G  if every edge )(GEe∈  has at 

least one end in S .  The vertex cover number, denoted by )(Gα ,  is the minimum 

cardinality of vertex cover set in G .  We refer the reader to4 for graph theoretical not 
defined in this paper.  A set D  of vertices in a graph G  is a dominating set of G  if every 
vertex in DV −  is adjacent to some vertex in D .  The domination number )(Gγ  of G  is 

the minimum cardinality of a dominating set in G 5.  The concept of maximal domination 
number was introduced by V. R. Kulli et al.7.  A dominating set D  of G  is maximal if 

DV −  is not a dominating set of G . The maximal domination number )(Gmγ  of G is the 

minimum cardinality of a maximal dominating set. The concepts of maximal equitable 
domination number of a graph was introduced by P. N. Vinaykumar and D. Soner 
Nandappa11 and maximal X-domination number of a bipartite graph was introduced by Y. B. 
Venkatakrishnan and et al.10. 

A subset D  of vertices set of G  is called a monopoly set if for every vertex 

DGVv −∈ )(  has at least 
2

)(vd
 neighbors in D , where )(vd  denoted to a degree of a 

vertex v  in G , the monopoly size of G  is the smallest cardinality of a monopoly set in G , 
denoted by )(Gmo . In particular, monopolies are dynamic monopoly (dynamos) that, when 
colored black at a certain time step, will cause the entire graph to be colored black in the next 
time step under an irreversible majority conversion process. Dynamos were first introduced 
by Peleg9. For more details in dynamos in graphs (see e.g.1,2,3,8,12). In6, the author defined a 

monopoly set of a graph G , proved that the )(Gmo  for general graph is at least 
2

n
, 

discussed the relationship between matchings and monopolies and he showed that any graph 

G  admits a monopoly with at most )(' Gα  vertices. 
 
In this paper, we introduces and study the concept of maximal monopoly size 

)(GMo  of graph. We investigate the relationship between maximal monopolies size and 
some parameters of graph as monopolies size and maximal domination number in graphs. 
Bounds on )(GMo  and exact values for some standard graphs are found. 

 
Definition 1.1   A  monopoly  set D   of a graph G  is called a maximal monopoly set if  
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DV −  is not monopoly set in G . The maximal monopoly size )(GMo  of G  is the 
minimum cardinality of a maximal monopoly set.  

  
Definition 1.2 A maximal monopoly set D  of a graph G  is minimal if for every vertex 

Dv ∈ , }{ vD −  is not maximal monopoly set in G .  
 
 

2. EXAMPLE 
 

For a graph 1G  as shown in Figure. 1, },,{= 6421 vvvD  is a minimal monopoly set 

and 1DV −  is also a monopoly set. So, D  is not a maximal monopoly set in 1G . while, 

},,,{= 65422 vvvvD  is a monopoly set and 2DV −  is not a monopoly set in 1G . So, 2D  is a 

maximal monopoly set in 1G  and )(<)( 11 GMoGmo . 

For a graph 2G  as shown in Figure. 1, },,,{= 6543 vvvvD  is a minimal monopoly 

set and DV −  is not a monopoly set in 2G . So, D  is a maximal monopoly set in 2G  and 

)(=)( 22 GMoGmo . 

 
Figure 1 

 
3. EXACT VALUES OF MAXIMAL MONOPOLY SIZE OF SOME STANDARD  
    GRAPHS 

1.  For the complete graph nK , 2≥n ,  1
2

=)( + n
KMo n ;  
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2.  For the path nP ,  1
3

=)( + n
PMo n   

3.  For the cycle nC ,  

      








+

≡+

.   1,
3

3);(02,
3=)(

otherwise
n

modnif
n

CMo n  

 
4.  For a complete bipartite graph rsK ,  of order rs + ,   

        rssKMo rs ≤+    1,=)( ,  

 
5.  For a wheel graph nW  of order 4≥n ,  

 








+

≡+

.   2,
3

3);(02,
3=)(

otherwise
n

modnif
n

WMo n  

 
4.  PROPERTIES OF MAXIMAL MONOPOLY OF GRAPHS 
 

In this section, we investigate relationships between maximal monopoly size and 
monopoly size, dominating number and maximal dominating number in graphs. We 
introduce some properties of a maximal monopole set of graphs. We obtain some bounds on 
maximal monopoly size of graphs.  

Observation 4.1 For any graph G ,  ).()()( GMoGmoG ≤≤γ    
 
Proof.  We know that every monopoly set is a dominating set of graph and every maximal 
monopoly set is a monopoly set of graph. Hence, the result is holds.  

  
Remark 4.2 The maximal monopoly size )(GMo  and the maximal domination number 

)(Gmγ  of graphs are not comparable. For this situation consider the graphs in Figure. 2:  

  For the graph in Figure. 2.a, the set },,{ 321 vvv  is both maximal monopoly set and maximal 

dominating set with minimum cardinality. Hence, 3=)(=)( GGMo mγ  . 
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  For the graph in Figure. 2.b, the set },,{ 321 vvv  is a maximal monopoly set and the set 

},{ 21 vv  is a maximal dominating set with minimum cardinality. Hence,  3=)(GMo  and 

2=)(Gmγ . Therefore,  )(<)( GMoGmγ . 

  For the graph in Figure. 2.c, the set },,{ 321 vvv  is a maximal monopoly set and the set 

},,,{ 4321 vvvv  is a maximal dominating set with minimum cardinality. Hence, 3=)(GMo  

and 4=)(Gmγ . Therefore,  )(<)( GGMo mγ  
 

 
Figure 2 

                                                                                                                                                                                                                                                                                            
 
Theorem 4.3  Let D  be a monopoly set of a graph G . Then D  is a maximal monopoly set 

in G  if and only if there exists at least a vertex Dv ∈  such that; 
2

)(
>)(

vd
vdD .   

 
Proof.  Let D  be a maximal monopoly set of a graph G . Then DV −  is not monopoly set. 
Hence, there exists a vertex Dv ∈  such that  

.
2

)(
<)(|=)()(|

vd
vdDVvN DV −−∩  

Since
2

)(
)(<)()(=)( 

vd
vdvdvdvd DDVD ++ − ,it follows that  

)(<
2

)(
 vd

vd
D

.  

 
 

Conversely, let D  be a monopoly set of G  and there exists a vertex Dv ∈  such that 

2

)(
>)(

vd
vdD . Since 

2

)(
=

2

)(
)(<)()(=)(

vdvd
vdvdvdvd DDV −−−  for some Dv ∈ , it 
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folows that DV −  is not monopoly set in G . Therefore, D  is a maximal monopoly set in 
G .  

  
Proposition 4.4 If a graph G  contains an isolated vertex, then a minimal monopoly set of 
G  is a maximal monopoly set.  

  
Proof.  Let v  be an isolated vertex of G . Then v  is in every monopoly set D  of G . 
Therefore, DV −  is not a monopoly set. Hence, D  is a maximal monopoly set of G .  

  
Corollary 4.5  If G  contains an isolated vertex, then )(=)( GmoGMo .  

  
Theorem 4.6  For any connected graph G , a maximal monopoly set of a graph G  is not an 
independent set in G .  

  
Proof.  let D  be a maximal monopoly set in G . Then from Theorem 4.2 there exists a 

vertex Dv ∈  such that 
2

)(
>)(

vd
vdD . On contrary, suppose that D  is an independent set 

in G . Then, for every vertex Dv ∈ ,  
2

)(
<0=)(

vd
vdD , which is a contradiction. Then D  

is not independent set in G .  
  

Theorem 4.7 For any graph G , every maximal monopoly set of G  intersect with every 
monopoly set in G .  

  
Proof. Let D  be a maximal monopoly set of G . On contrary, suppose that there exist a 
monopoly set H  in G  such that φ=HD ∩ . Then DVH −⊆ . Hence, DV −  contains a 

monopoly set H . Therefore, DV −  is itself a monopoly set in G , which is a contradiction.  
 

Theorem 4.8 For any graph G ,  1=)(GMo  if and only if 1KG ≅ .  
 
Proof.  It is clear, if 1KG ≅ , then 1=)(GMo . On the other hand, let 1KG ≠ ( G don’t 

equifalant K1).  Then G  has at least two vertices. We consider the following two cases:   
 
Case 1:  G  is a disconnected graph, then from the definition 2)( ≥≥ nGMo .  

 
Case 2:  G  is a connected graph, from Theorem 4.5 a maximal monopoly set D  in a 
connected graph G  is not independent set in G . Then there exist at least two adjacent 
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vertices in D . Hence, 2)( ≥GMo .  Hence, if 1KG ≠ , then  1)( ≠GMo . Therefore, the 
result is true.  

 
Theorem 4.9 For any nontrivial graph G ,  nGMo ≤≤ )(2 .  These bounds are sharp, the 

upper bound is attained if 2KG ≅  or 3K  and the star nK1,  achieves the lower bound. 
 

Theorem 4.10 For any connected graph G  of order n  and size m ,  

1)( +≤≤ mGMo
m

n
 

 

Proof.  Since for any connected graph mn 2≤ . From the previous Theorem 2)( ≥GMo , 

Hence, 
m

n
GMo ≥)( . Since every connected graph with n  vertices has at least 1−n  edges. 

Then from the previous Theorem again 1)( +≤≤ mnGMo . The graph 2K  achieves the 
lower and upper bounds.  

  
Corollary 4.11  For any connected graph, 22)(  +−≤ nmGMo   
 
Proof.  By Theorem 4.8, 2221)2()( +−≤+−−≤≤ nmnnnGMo . 

Therefor, the result is holds. 2K  achieves this bound.  
 

Theorem 4.12  Let G  be a connected graph.  Then 1)()( +≤ GGMo α  
 
Proof.  Let )(GVS ⊆  be a maximal independent set in G . Then SV −  is a monopoly set. 

Thus }{)( vSV ∪−  is a maximal monopoly set in G , for every vertex Sv ∈ . Hence, 

1)()( +−≤ GnGMo β . Since for any graph G , nGG =)()( αβ + . it follows that 

1)()( +≤ GGMo α .  

 
Theorem 4.13  Let G  be a connected graph with minimum degree 0>)(Gδ . Then  

)()()( GGmoGMo δ+≤  
 

Proof.  Let D  be a minimum monopoly set of a connected graph G  and let v  be a vertex 
with minimum degree in G . we consider the following cases:   
 
Case 1:  Dv ∈ . Then )(vND ∪  is maximal monopoly set in G . Hence,  
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).()(|=)(|)( GGmovNDGMo δ+∪≤  
 
Case 2:  Dv ∉ .  Then we consider the following two subcases:  

   
Subcase 2.1:  1=)(vd . Then }{ vD ∪  is a maximal monopoly set. Hence,  

 
)()(=1)(|}{|)( GGmoGmovDGMo δ++≤∪≤  

 
Subcase 2.2:  2)( ≥vd . Then },{ uvD ∪  ( where )()( DVvNu −∩∈ , if any) is a 
maximal monopoly set. Hence,  
 

).()(2)(|=},{|)( GGmoGmouvDGMo δ+≤+∪≤  
 

Theorem 4.14 For any connected graph G  with minimum degree )(Gδ ,  

 1
2

)(
)( +≥ G

GMo
δ

 

This bound is sharp.  
  

Proof.  Let D  be a maximal monopoly set of G . By Theorem 4.2, there exist a vertex 

Dv ∈  such that 
2

)(
>)(

vd
vdD . Hence,  

 1)(|=][||| +∩≥ vdDvND D  

 1
2

)( +≥ vd
 

 1.
2

)( +≥ Gδ
 

 Therefore, 1
2

)(
)( +≥ G

GMo
δ

.  

 The complete graph nK  with even order achieves this bound.  
 

Corollary 4.15  for any connected graph G ,  
 

 1,
2

)(
)( +≥ G

GMo
κ
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where )(Gκ  is the connectivity of a graph G .  
  

Proof.  For any connected graph G , )()( GG δκ ≤ . Then by Theorem 4.14,  the result is 

true. The bound is attained if 3PG ≅  or nKG ≅ , n  is even .  
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